Topic areas

Mechanical engineering:

v Forces
v Reaction
¥ Pressure
v

Moments

Mathematics:

v Algebra

v Areasand volumes
v Arithmetic

') Integration

Prerequisites

None for the main activity, however it may be useful
to look at the resource ‘Centre of gravity, reactions
and stability’ and ‘Friction and sliding’ for the
stretch and challenge activity.

Problem statement

Dams are important engineering constructions and are found all
around the world. When designing a dam, an engineer must ensure
that its construction will be strong enough to hold back the weight of
water that will accumulate behind it. How can an engineer determine
the force exerted by the water?
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Background - pressure and force

Pressure is the total force acting on a given area. It has units of Nm~2, or uses the derived unit
of the pascal, Pa. The pressure is a static fluid at a depth 4 below the surface is given by the
expression

p = pgh,

where p is the density of the fluid, g is the acceleration due to gravity and % is the depth below
the surface. As pressure is a measure of the total force acting on a given area, and in the above,
the force derives from the weight of the fluid, it makes sense that the pressure increases with
depth as there's more mass of water above the point of measurement.

Look at the diagram in Figure 1 which shows a schematic of a body of water that is being
retained by a dam wall.
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A dam wall o !

Ash,> h , itis obvious that p, > p,. This means that the force acting on a small area near the
top of the area is smaller than the force acting on a small area near the bottom. However,
because the pressure changes linearly with depth, which means the force acting on each small

, . , - 1
area also changes linearly with depth, the average pressure over A, given by p = E(pl +p, ) can
be used to calculate the force on the area.
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Activity 3 - Finding the total force using integration
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F =fpgxw dx = pgwfx dx, as p., g and ware independent of x
0 0

H

F=pgwfxdx
0
H

e
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1
= —pgwH’
5 Pgw

i.e. the total force varies quadratically with the dam height, as found in Activity 2.

Substituting p = 1000 kgm=3, g =10ms?and w = 5m, gives
F=—pgwH*

-1000-10-5H°

Note, the above is given in newtons as all the values are SI. Converting the kN, by dividing by
1,000, gives the total force as F = 25H?* (kN), as found in Activity 3.



Activity 4 - Calculating the centre of pressure

1) The force acting on a wall section of height 6x and width w, a distance x below O is
OF = pA = pgx-w-dx. The moment of this force about O is given by the force multiplied by
the perpendicular distance at which it acts from O, i.e.

OM =8F - x = pgx-w-&x- x = pgwx” - &x

H
2) Inthelimitdx — 0, the total moment about O, M, is given by the integral M =fpgwx2 dx.
0

H H
M =fpgwx2 dx = pgwfx2 dx, as p, g and w are independent of x.
0 0

H
M=pgwfx2 dx
0
H

_oaw|®
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1 3
= —pgwH
3 pgw
The total moment varies as the cube of the dam height.

?) Moment of £ about O is Fe. For c at the centre of pressure this must be equivalent to M,

; . 1 .
calculated above. F has been found in Activity 3tobe F = Epngz. Using these:
Fe=M
1 2 1 3
EPgWH xc= SPgWH

oo 20gwH”
3png2

c=zH
3

i.e. the centre of pressure is two-thirds of
the height of the dam below the surface of
the water.

Earlier in this Activity you saw that each
small contribution to the total moment
varies with the square of the depth,
which means that forces near the

bottom of the dam contribute more to
the total moment than forces near the
top. This skews the average moment
position to be nearer the bottom than the
top and explains why the average position
is two-thirds of the height of the dam
below the surface of the water.
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Stretch and challenge activity
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Recall H = 6 m, width of the dam is w = 5 m. The block has a density of 2,400 kgm~—3. The
coefficient of friction between the block and the surfaceis p = 0.8.

y Ris the normal reaction from block’s contact with the impermeable surface. S'is the
frictional force resisting sliding.

2) S<upR

3) Thevolume of the blockis V= HwT = 6x5xT = 30T (m”).
The mass of the block is given by the volume multiplied by the density,
m=pV =2400 x 30T = 72,0007 (kg)
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4) The normalrreaction, R, is given by R = mg = 72,0007g in newtons. As S< uR, the limiting
friction force is given as S= uR = 0.8 x 72,0007g = 57,6007¢ in newtons.

1
The hydrostatic force on the dam from the water is given by F = EngHz' Substituting
values,

= %x1,000><g><5><62 =90,000g in newtons.

The frictional force must be at least this large to prevent sliding, so that S = F i.e,

57,6007g = 90,000g
7 _ 90.000g
57,600g

=1.5625 (m)

If Tis less than 1.5625 m wide the block will not be heavy enough for friction to prevent it
sliding against the pressure of the water.

5) The clockwise turning moment about O'is due to the hydrostatic force acting through the
centre of pressure. This moment is given by

M, = Fxg =90,000gxg =180,000g in Nm.

The anticlockwise turning moment about O is due to the weight acting through the centre
of gravity. This moment is given by

M, = mgxg = 72,000Tgx§ =36,000g7* in Nm.

The anti-clockwise moment from the weight must be at least as large as the clockwise
moment from the hydrostatic pressure,ie. M =M,

36,0007 =180,000g
2 _180,000g
36,0008
T=5=-22361 (m 4dp.)

6) Astherequired thickness to prevent tipping is larger than the required thickness to
prevent sliding, a dam thickness of at least 2.2361 m (4 d.p.) is required. A good engineer
will add in a safety margin and make it wider than this!
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